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Abstract
In this note, we characterize nice operators in a class of Banach spaces, which includes spaces
C(K) and L1(µ), as those operators that preserve extreme points.
 2003 Elsevier Inc. All rights reserved.
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In this paper, X and Y will be real or complex normed spaces. Given a normed space X,
BX, SX and EX will stand for the unit ball of X, the unit sphere of X and the set of extreme
points of BX , respectively. We will denote by L(X,Y ) the space of all bounded linear op-
erators from X to Y and, as usual, L(X,K) will be written X∗. The elements of EL(X,Y )
will be called extreme operators. An operator in L(X,Y ) is said to be nice if it verifies
that T ∗(EY ∗)⊆EX∗ . It is easily proved that every nice operator is extreme. Nice operators
have been widely studied since Blumenthal et al. introduced them in [1], because they are
very useful for studying extreme operators. Blumenthal et al. found an easy expression for
nice operators defined in spaces of continuous functions (i.e., spaces C(K), where K is a
compact Hausdorff space) and posed the problem about the coincidence of nice and ex-
treme operators in these spaces. Several positive results have been obtained since then (see
[1,3,10–12,15] for details) but Sharir proved in [13,14] the existence of extreme nonnice
operators in C(K)-type spaces. Moreover, Sharir studied nice operators when X and Y are
L-spaces (i.e., L1(µ) spaces for some measure µ). In this paper, we present a characteriza-
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L1(µ). This characterization depends on certain property, which we call property (E).
Definition 1 (Property (E)). Let X be a normed space such that EX is nonempty. We will
say that X satisfies property (E) if for every x∗ in Ext(BX∗) and for every x in Ext(BX)
we have |x∗(x)| = 1.
It is easy to prove that if K is a compact Hausdorff space, then C(K) has property (E).
This property is strongly related to certain properties of intersection of balls (see [8, Theo-
rem 2.2] for details).
We can characterize extreme points in an easy way, by using property (E) and a certain
condition ensuring abundance of extreme points.
Proposition 2. Let X be a Banach space that verifies property (E). If Y is a Banach
space such that there exists a nice operator T from X into Y , then EY is nonempty and
T (EX)⊆EY .
Proof. Let x be in EX and y∗ in EY ∗ . Since T is nice, T ∗y∗ belongs to EX∗ , and since
X has property (E), we have |(T ∗y∗)(x)| = 1. But |(T ∗y∗)(x)| = |y∗(T x)|, thus we have
|y∗(T x)| = 1 for all y∗ in EY ∗ . In particular, T x is in EY , so we have proved that EY is
nonempty and that T x belongs to EY for each point x in EX. ✷
Proposition 3. Let X be a Banach space such that BX = co(EX), Y a Banach space
verifying property (E) and T in L(X,Y ) such that T (EX)⊆EY . Then T is a nice operator.
Proof. Let us suppose that T verifies T (EX) ⊆ EY , and let y∗ be in EY ∗ . Then, if x is
in EX , we have that T x belongs to EY . Since Y has property (E), we have
∣
∣(T ∗y∗)(x)
∣
∣= ∣∣y∗(T x)∣∣= 1 (1)
and since BX = co(EX), we conclude that T ∗(y∗) is an element of EX∗ . ✷
We have an immediate consequence of Propositions 2 and 3.
Corollary 4. Let X and Y be Banach spaces having property (E), and let us suppose
that BX = co(EX). Then, an operator T in L(X,Y ) is a nice operator if and only if
T (EX)⊆EY .
Now we are going to introduce a new class of spaces with property (E). First, we
recall that a convex subset F ⊂ BX is called a face of BX if given x, y in BX and t in
]0,1[ verifying tx + (1 − t)y ∈ F , then x, y ∈ F . We say that F is a maximal face if
F is not strictly contained in any other proper face. A real Banach space X is called a
CL-space if for each maximal face F of BX we have BX = co(F ∪−F). CL-spaces were
introduced by Fullerton in [2], and they were studied by Lindenstrauss [9] and Lima [7],
who showed that L1(µ) spaces and their preduals are CL-spaces. Moreover, if X is a finite-
dimensional Banach space, then X is a CL-space if and only if X satisfies property (E)
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purposes it will suffice the implicit notion in the following theorem.
Theorem 5. Let X be a Banach space and suppose that EX is nonempty. If for each max-
imal face F of BX we have BX = co({λF : |λ| = 1}), then X has property (E). As a
consequence, if X is a CL-space with EX nonempty, then X has property (E).
Proof. Let x be inEX . Then, if F is a maximal face of BX , we have x ∈ co({λF : |λ| = 1}).
Since x is extreme, there exists λ with |λ| = 1 such that x ∈ λF , which implies λ¯x ∈ F .
We end the proof by using [8, Theorem 2.2]. ✷
By means of Theorem 5, we find several examples of classical spaces with property (E).
Example 6. In all the examples mentioned below, we suppose that the set of extreme points
is nonempty.
(i) Real L1(µ)-spaces are CL-spaces because of [9, Corollary 4.6.1] and [7, Corol-
lary 3.6]. Taking into account [7, Corollary 3.3] and the facts mentioned before one
gets that preduals of real L1(µ)-spaces are CL-spaces.
(ii) In the complex case, preduals of L1(µ)-spaces also have property (E) by [6, Theo-
rem 4.1] and [8, Theorem 2.2].
(iii) In this example, we need some facts about M-ideals and L-summands. All the results
we use can be found in [4]. Let us suppose that X is a complex L1(µ)-space, and
let x be in EX . If we call J to the canonical injection J :X→X∗∗, it is well known
that J (X) is an L-summand in X∗∗ (see [5]), thus Jx is in EX∗∗ . Hence, 〈Jx〉, the
subspace spanned by Jx , is an L-summand in X∗∗ by [7, Theorem 5.8], so 〈x〉 is an
L-summand in X, which implies that 〈x〉◦ is an M-ideal in X∗. We can apply now
[7, Theorem 6.9 and Corollary 6.8] to obtain that dist(x∗, 〈x〉◦)= 1 for all x∗ in EX∗ ,
which is clearly equivalent to property (E).
By using the fact that C(K) spaces satisfy property (E), we obtain
Corollary 7. Let K and H be compact Hausdorff spaces, and let X = C(K), Y = C(H).
Let us suppose, moreover, that, in the real case K is totally disconnected. Then, an operator
T in L(X,Y ) is a nice operator if and only if |T (f )(h)| = 1 for all h in H , whenever f in
C(K) satisfies |f (k)| = 1 for all k in K .
Proof. The result follows from Corollary 4 taking into account that, in the complex case,
the equality BC(K) = co(EC(K)) is always true and, in the real case, the validity of the
above equality is equivalent to the total disconnection of K . ✷
Now, we are going to particularize Propositions 2 and 3 when we have L1(µ)-spaces.
For it, we recall that if X = L1(µ), then BX = co(EX) if and only if the measure µ is
purely atomic.
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operator T in L(1(Γ ),Y ) is a nice operator if and only if T (E1(Γ ))⊆EY .
We finish this note by exhibiting several examples that show that the hypotheses in
Propositions 2 and 3 cannot be dropped.
Example 9.
(i) (Banach spaces X and Y such that EX = ∅, EY = ∅ and exists a nice operator T in
L(X,Y ).) Let X be p, the space of absolutely p-summable sequences, and Y = c0,
the space of sequences that converge to zero. We define the operator T :X→ Y as
T (x) := x . Then EX is nonempty, EY is empty and T is a nice operator.
(ii) Let X be a Banach space not having property (E) and such that EX is nonempty. In
that case, there exists x0 in EX and there exists x∗0 in EX∗ such that |x∗0 (x0)|< 1. Let
Y be a Banach space having property (E), and let y be in EY . We define T :X→ Y
as T (x) := x∗0 (x)y for all x in X. Then T x0 /∈EY , and hence T (EX) EY , but T is
a nice operator.
(iii) Let X be the real space C([0,1]). Then X is a Banach space with property (E). Let
us consider S1, S2 :X→ X the operators defined as S1 = 1X and S2(f )(t) := f (t2)
(t ∈ [0,1], f ∈ C([0,1])) and T := (S1 + S2)/2. Then T ∈ L(X) and T (EX)⊆ EX ,
but T is not a nice operator (in fact, T is not extreme).
(iv) Let Y be a Banach space with EY nonempty and not having property (E). Then, there
exists y0 in EY and y∗0 in EY ∗ such that |y∗0 (y0)|< 1. Let K be a compact Hausdorff
space. We define an operator T :C(K)→ Y by
T (f ) := f (k0)y0
(
f ∈ C(K)), (2)
where k0 is an element in K . Then T is an operator that preserves extreme points and
it is not nice.
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